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imary. Integral representations are derived for the parabolic cylinder
tions U(a, x), V(a, x) and W (a, x) and their derivatives. The new inte-
; will be used in numerical algorithms based on quadrature. They follow
L contour integrals in the complex plane, by using methods from asymp-

analysis (saddle point and steepest descent methods), and are stable
ing points for evaluating the functions U (a, x), V(a, x) and W (a, x) and

derivatives by quadrature rules. In particular, the new representations
e used for large parameter cases. Relations of the integral representa-
» with uniform asymptotic expansions are also given. The algorithms will
iven in a future paper.
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troduction

solutions of the differential equation

d*y 1.2

22 (ZZ + a) y=0

:alled parabolic cylinder functions and are entire functions of z. As in
Chapter 19, [7], and [9] we denote two standard solutions of (1.1) by
, 2), V(a, z). Another notation is D, (z) = U(—v — % 7). Special cases
Iermite polynomials, error functions and Fresnel integrals.

spondence to: N. M. Temme
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Values at the origin are given by

(1.2)
T , JT
Ua.0) = — 1‘/? . U'a.0) = ————~————"
2§¢I+jr(i+_’lja) 934 IF(Z""E“)
[ 1,.3
2293 T 224t]%
Via,0) = L Via,0) = .
@ T TPt + o TG - PTG+ 3a)
Then we have
(1.3) Ua,.z) = U(a,0) yy(a,2) + U'(a,0) y2(a, 2),
(L4) Via,z) = V(a.0) yi(a,z) + V'(a,0) y(a, 2),
where
1.2
vila,z)=e" R (—%a + 403 —%22>
-4 ,
=e " | F| (%a+£,%,%z’)
(1.5) S
wla, z) = :eﬁ” F (—%a + % % _%ZZ)
+

and the confluent hypergeometric function is defined by

o0
(a)ll Zn

. Fi(a,c;7) = ,
(1.6) 1Fi(a,c:z) . nl

n=0
with (a), =T'(a+n)/T(a),n=0,1,2,....
The functions y; (a, z) and y»(a, z) are the simplest even and odd solutions
of (1.1) and the Wronskian of this pair is given by

(1.7) WIyi(2), »2(D] = y»1(@)y5(2) = y1(2D)y2(z) = 1.

From a numerical point of view, the pair {y;, y»} is not a satisfactory pair [4],
because they have almost the same asymptotic behaviour at infinity.
The behaviour of U (a, z) and V (a, z) is, for large positive z and z >> |a|:

Uiy =e ¥ [1+0(z)].

Via,z) = J?./ngi:zzu-% [l +0 (z“z)] )

Clearly, numerical computations of U (a, z) that are based on the representa-
tions in (1.3) and (1.4) should be done with great care, because of the loss of

(1.8)
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accuracy if z becomes large. Also, for large a these representations become
useless.

The Wronskian relation between U<(a, z) and V (a, 7) reads:

(1.9) WIU(a,z), V(a,z2)] = +/2/m.

(110) W[U(a’ Z)» U((l,——z)]: "—"\/i_;r_l“
I'a + 5)

which shows that U (a, z) and V (a, z) are independent solutions of (1.1) for
all values of a. Other relations are

v = T L —2) = s D1,
(@.2) cos’ ra r(a+%) [V(a, —2) —sinma V(a, 2)]
(1.11) o
Via,z) = T"_ [sinwa Ula,z)+ Ula, —2)].

Equation (1.1) has two turning points at 4-2./—a. For real parameters
they become important if @ is negative, and the asymptotic behaviour of the
solutions of (1.1) as @ — —oo changes significantly if z crosses the turning
points. At these points Airy functions are needed for describing the asymptotic
behaviour.

The purpose of this paper is to give integral representations of U(a, x)
and V (a, x) for real values of a and x. We use integral representations from
the literature and modify these by saddle point methods. In this way we obtain
integrands that are non-oscillating, also for the case ¢ < 0. In particular, we
can use the new representations for large parameter cases. In earlier papers
[8] and [2] we have used these methods for obtaining stable integral repre-
sentations for modified Bessel functions with pure imaginary order and for
inhomogeneous Airy functions (Scorer functions).

We give relations of the integral representations with uniform asymptotic
expansions, which are taken from [6] and [ 10]. We only give the expansions in
terms of elementary functions. Uniform expansions in terms of Airy functions
can be found in [6], and a modified form in [10].

We also consider solutions W (a, x) of the differential equation

(1.12) W (12— a) W =0,

a modified form of (1.1), again for real ¢ and x. Properties of W (a, x) are
given in §4, which can be found in [1] and [5].

In a future paper we give algorithms based on quadrature rules for eval-
uating the integral representations of U (a, x), V(a, x) and W(a, x).

In [10] numerical and asymptotic aspects of the parabolic cylinder func-
tions have been discussed, and we refer to this paper frequently. The notation



108 A.Gil et al.

of certain quantities is also as in [10]. The asymptotic methods referred to
in this paper (saddle point methods) can be found in [7] and [11]. For an
overview of the numerical aspects and software for the parabolic cylinder
functions we refer to [3].

2 Integral representations for a > 0

We derive integral representations for U (a, x) and U (a, —x). The computa-
tion of V(a, x) for @ > 0 can be based on the second relation in (1.11). For
a > 0 the functions U (a. x) and U (a, —x) have a non-vanishing Wronskian
relation (see (1.10)), and moreover, these functions constitute a numerically
satisfactory pair of solutions of (1.1).

2.1 The case x > 0
We take the integral (see[1], formula 19.5.4)

1‘ 12 ds
xs+58 s—a

iv2w NG
where C is a vertical line on which is > 0.On C we have —571 < phs < '71

and the many-valued function s ~“~!/2 assumes its principal value. The trans-
formations

2.1 Ua,x) =

(2.2) x=2Ja, s=+aw
give
% ? % ta dw
(2.3) Ua,x) = N ea(b(w)__,
z\/ C Jw
where
(2.4) o(w) = —w —2tw —ln w.

The saddle points follow from solving

2 — —
2.5) gy =L w1
w

giving saddle points at  ==+/12 + 1. We take for the path C in (2.3) the vertical
through the positive saddle point

(2.6) wy =14+t 4+ 1.
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At this saddle point C coincides with the steepest descent path trough wy. The
complete steepest descent path follows from solving J[¢(w)] = IJ[¢ (wo)].
In the present case J[¢ (wp)] = 0 and we obtain for the saddle point contour
the equation

2.7) %rz sin20 — 2trsinf — 6 =0, where w = re'’,

which can be solved for r = r(6):

t+ /12 + 6 cotd :
r= ,

—ir <6 <lin
cos 6 - -

(2.8)

Fig. 1. Steepest descent contour for the integral in (2.3)

Then (2.3) can be written as

gi"x:+"¢("'(’)a?ll’%“ /

19—

T
eV g(6)db,

(29) U(a, x) =
21 ln
where
(2.10)
¥ (0) = N (w) — ¢(wo)] = %rz cos 28 — 2trcosf — Inr — ¢ (wy),
and
dw ~ |5 r .
w0 =3 [Jpt5] =3[ 5 0]
2.11)

_ (2cosb + Dr? —2tr + 1
— : )
4./r cos 59 12 4+6coth
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The quantity £ defined by
(2.12) E= /P + 1+ + V2 + D),

is used in the asymptotic representation of U (a,x) in this case; see [10],
formula (2.29). We have

(2.13)
L 4 agwy) =alt — V2 + 1= In( + V2 + DI = a(; - 28).

This gives

ALl T
(214) Ula.x) = m‘/iéﬂe g( N
where
(2.15) V(@) = e~ Yaghe.

For the derivative U'(a, x) we can start from (2.1), and we have

5
X"

e l2 ds
/e—.\.\+2.v s u(%x _ S)——,
¢ 2 NG

I
e+

i~2m

(2.16) U'ta,x) =

This can be written as

a: e—Z(IE %JT v/(

(2.17) U'ta,.x) = ———————f eV Dn6)de,
V2ry(a) J-ix

where

Jw do
(2.18) _r'—1r*(2cos® — 1) +r(2t* +1+2cosh) — ¢
h 4./r cos %9«,/12 4 0 cotd )

2.2 The cuse x <0

This case can be done by using the representation of the previous section.
However, when 1 is a large negative number, the saddle point wy defined in
(2.6) is close to origin, at which point the integrand of (2.3) is singular. As
a consequence, the functions ¥ (6) and g(0) in (2.9) have singularities close
to the origin 6 = 0 when ¢ is a large negative number.
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In the present case we start with the well-known integral representation
(see [1], formula 19.5.3)

1.2
s

219 o u—% —%sz—{».\‘x
(2.19) U(a,—x):———/ s “e ~ ds, a > —
Ca+1 Jy

There are no oscillations, but it is convenient to transform the integral in
such a way that the saddle point is at the origin and a suitable normalization
is obtained. The transformations (2.2) give

)
opt 4o

A+ s}

a®rie p-ap(u) dw

2.2 ,—X) = —————— ,
(2.20) Ula, —x) rash o N

where ¢ (w) is given in (2.4). The positive saddle point wy is as in (2.6). We
transform this point to the origin by writing w = wy(1 + u), which gives

i 2«5 oo d
221 Uld. —x) = as Jwg V(Cf)e / — u ’
Fa+3) -1 Vi4u

where we have used (2.13), y (a) is defined in (2.15), and
(2.22) ¥ (u) = qwiu’ + u — In(1 + u).

For the derivative we have

ai iy (a) eXE
F(a+3)

(2.23) x /me—‘”“"’ (\/t2 14 wou) du
—1 + 1 +u

To avoid numerical cancellation for small values of u in the computation
of ¥ (u) defined in (2.22), a specific code is needed for the evaluation of
In(1 +u) — u.

Ula, —x) = —

2.3 A Wronskian for the integrals

When checking the numerical algorithms the Wronskian relations in (1.9) and
(1.10) can be used. When the parameters are large it is more convenient to
use a Wronskian relation that is based on the integrals derived in the section.
This gives a better control of the errors that occur in the quadrature rules,
because large and small factors are not present in the integrals.
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We write (see (2.14), (2.17), (2.21), and (2.23), respectively)

. g
(2.24) U(a,x) = — 1(a, x),
V2m y(a)
at e L. x)
(2.25) Ula, x) = ——— lua(a, x),
v/ 21 y(a)
a* iy (a) €%
2.2 —x) = J(a, x),
(2.26) Ua, —x) Fa+d) (a, x)
3 24 E
ai Jwoy (a) e
2 "(a, —x) = — Ju(a, x).
(2.27) U'(a, —x) Tat D (a, x)
Then the relation for the integrals reads
2
(2.28) I(a,.x)Jg(a, x)+ Iy(a, x) J(a, x)= am.

A. Gil et al.

In Table 2.1 we give values of U (a, x) and V (a, x) for several values of
a,witht = 1.2, x = 2t\/a. The values of I (a, x), I;(a, x), J(a, x), Ju(a, x)
of (2.24)—(2.27) are computed with double precision in one algorithm, with
about 50 function evaluations for the trapezoidal rule for each value of a. We
compared these values with those computed with the Maple 7.0 functions
CylinderU(a, x) and CylinderV(a, x), with Digits =20, and found agreement
for @ < 40. For the higher a—values, Maple’s Digit parameter has to be

increased.

Table 2.1. Values of U (a, x) and V (a, x) for several values of a, with t = 1.2, x = 2t /a.

We also give the Wronskian relation (1.9) (reduced to zero)

a U(a, x) Via, x) Wronskian
10.1  .87742145116891(-016) .915940854687909(+015) A43(-17)
20.1  .28991030051243(-034)  .196498319490114(+034) 40(-17)
30.1  .76172124886582(-054) .611136504670193(+053) 22(-15)
40.1  .37897794771218(-074) .106421744688740(+074) 61(-14)
50.1  .54336492182121(-095) .664057299719702(+094) 14(-16)
60.1  .28814488246502(-116) .114331948734753(+116) 14(-16)
70.1  .66706978761114(-138) .457283270654938(+137) 14(-16)
80.1  .75880403194555(-160) .376070790125305(+159) 22(-16)
90.1  .46343084237480(-182) .580588047014352(+181) .19(-16)

100.1  .16280901630040(-204) .156790547971731(+204) .19(-16)
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2.4 Uniform asymptotic expansions for a > 0

The quantities related with the integrals are closely related with the uniform
asymptotic expansions given in formulas (2.29), (2.33) and (2.34) of [10].
We have

(2.29)
T o 2D o
I(a»x)=-\/—a:(-t§[m1:u(f)- [d(a.x)=£—(———}/—a——)———6“(t)‘
JT ~ NZA(SE R DR
J 5 = P N ¢ 8 =
(a, x) NG (1), Jala, x) Jaw Qu (1)

where f“ (1), 5,1 (1), 1311 (1), and Ql(t) are supplied with asymptotic expan-
sions that have a double asymptotic property: one of the parameters a or
t (or both) should be large. Recurrence relations for the coefficients of the
expansions are given in [10].

3 Integral representations for a < 0

We give integral representations for U (—a, x) and V (—a, x), witha > 0,and
we consider three x —intervals. Let t = x/(24/a). The differential equation
(1.1) becomes for U(—a, 2t /a) and V (—a, 2t/a) in terms of ¢

(3.1) @—461202—1)'—0
’ dr? rEw

which has turning points at 7 = £1. Consequently, we consider the intervals

t < —1,|t] < 1andt > 1. We start with the middle interval, where the
oscillations occur.

3.1 The case —1 <t <1
We consider the integral

o 120 e 1 1
(3.2) Y(a, x) =/ "I ds, Ma > —5.

0

Using (2.19), we see that
(3.3) Y(a,x) =T(a + %_)e_é"2 Ula, —ix).
We also have
(3.4) \/;e—%”""+%”"U(a, —ix) = U(—a.x)/Ta+3) +iV(=a.x).

This follows from using the initial values in (1.2) and those of ¥ (a. x). Italso
follows from the relations in (1.11) and 19.4.6 in [1].
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Hence,
(3.5) \/gg—%”iﬂ*r%”"g%-\‘zy(a,x) =U(—a,x)+il(a+ %)V(—a, x).

We see that the single integral (3.2) produces U(—a, x) and V(—a, x) by
taking real and imaginary parts.

We proceed with Y (a, x), and the transformations x = 2Jat, s = Jaw
give

& dw
36 Y(a,x) = a“/2+1/4f e T2
(3.6) i =
where
(3.7) ¢(w) = %wz——Zitw—lnw.

We consider a path through the saddle point

(3.8) wy =it + 1 — 12,

We have

(3.9) ¢p(wy) = % +12+2i (n - }lrr) , n= % (arccost — t/r———ﬂ) ,

where arccos? has values in [0, r] fort € [—1, 1].
The path of steepest descent starts at w = 0, runs through w,., and termi-
nates at +o0; see Figure 2. The path follows from solving the equation

(3.10) JSPp(w) = Ip(wy),
that is. from solving

(3.11) 3r7sin20 — 2trcosf — 6 — 2n + im =0,

where w = re'®. The solution of (3.11) reads

tcosé —i-(r\/tzcosze +sinf cosf(H + 2n — %n)
;=

(3.12) - sin 6 cos 6 ’

0<6 <6,

where 6 = —2n + %n; the square root is non-negative. The number o
equals —1 when phw, < 6 < 6, and +1 when 0 < § < phw,. Observe
thatph wy = %JT —arccost. When 6 = 6, we have r = 0; whend = phw,,
we have r = 1, and 6 = 0 gives r = oo. For t = 0 the path coincides with
the positive real axis. When 7 < 0 the paths are in the lower half plane, and
tollow from those for r > 0 by symmetry.




Integrals for parabolic cylinder functions 115

1.5

1.0

0.5

1

25

Fig. 2. Steepest descent contours for the integral in (3.6) forr = 0.1,0.5, 0.9

A simple approximation of the path is given by (we write w = u + iv)

(3.13) po ey TR

u~+uy
This path runs through the point w; = u, + iz, and has the same slope at
this point as the exact steepest descent path, that is, dv/du =t /(1 +u.) for
U=uy.

For 1 = 1 the steepest descent path runs from the origin to w, = i along
the imaginary axis, and from i to 2i + oo. For more details on the case r > 1
we refer to § 3.2.

Integrating (3.6) with respect to & we obtain

U(—a,x) +iT(a+3)V(-a, x)

) G0
(314) — \/ga%y(a)e—l(zm}—}l-ﬂ)‘/‘ e—al//(b’)g(.e)deg
0

where y(a) is defined in (2.15),

(3.15) Y (6) = $r7cos20 + 2trsin6 —Inr — 1> — 1,
and
e fdr
3.1 0) = — — +ir).
(3.16) 8(0) ﬁ(d9+lr)

We write the representations for U(—a, x) and V(—a, x) in real form,
with trigonometric functions that correspond with those in [6] and [10]. We
first write

(3.17) g0) =g (0) —iga(9),
where g;(68), j = 1, 2, are real. That is, by (3.16),

dr cos(36)  sin(36)

(3.18) g1(9)=-—d9 7 +r 7
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cos(10)  dr sin(16)
20 | drsin(y

3.1 5(0) = .
(3.19) g0)=r 7 a6 o
Then we have
(3.20) U(—a,x) = \/i]z;a%y(a) [(sinA) G| + (cos ) G»],
3.21) V(—a,x)= \/Ea%—my—(—(L [(cosA) Gy — (sinA)G2],
™ Tla+1)
where
(3.22) h=2an+ 3w
and
By
(3.23) G, =f e Vg 0)ds, j=1,2.
0

For the derivatives we find, using (3.2) and (3.5),

U'=a.0)+iT (a+ ) Vi(=a,x)

3 . to

(3.24) = ﬁaiy(a)e“'(zaﬂ‘%”) / e~V h0) de.
0

where
(3.25) h@) = (t+iw)g®) =h(0) —ih,(8).
That is, by (3.25), (3.18) and (3.19),
(3.26) hy(0) =t —rsinf)g,(0) + r cosHg,(0),
(3.27) hy(0) =rcosbg(B) — (t —rsind)g,(6).
Then we have
(3.28) U'(=a,x)= \/ga%y(a) [(sinA) H| + (cos X)) H5],
(3.29) V'(=a, x) :\/EM [(cos %) H, — (sin A) Ha]
e ’ "+ 1) o o

where A is given in Eq. (3.22) and

T

(3.30) Hi= | e h,6)ds, j=1,2.
0
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3.1.1 AWronskian for the integrals By using (1.9) and the integrals in (3.23)
and (3.30), we find the relation

EiC—Ii—i:zl""(a—i—%),

(3.31) HG, -G H, = 5
ay*(a) a

A

where
(3.32) T(@+3) =V2ry’ @l @a+3). IMa+y=1+001/a),

as a — o00. Hence, for large a, the right-hand side in (3.31) is of order
Z[1 4 O(1/a)] (see also formula (3.28) in [10]). The relation in (3.31) can
be used for testing the numerical algorithms.

3.1.2 Uniform asymptotic expansions —1 <t < 1 The relationship of the
integrals G;, H; with uniform expansions follows from (2.23), (2.24) and
(2.27) of [10]. These expansions are the same as in [6]. On the other hand,
we can derive modified expansions (a main topic in [10]), by using (2.29)
and (2.33) of that reference. From (3.4) and by changing t to —it in(2.29) of
[10], we obtain

U(=a,x) +iT (a+ 1) V(=a.x)

) ﬁy(a)e_l‘rri—'lim) -

(3.33) =TI* (a + F(—in),

|-

ai(l —2)3

Ul(—a,x)+il (a + %) V'(—a, x)
(334) = -I* (a+§) V2aty @)e ST )5 G (~ir),

where 1::,, (—it) and au(—it) have the asymptotic expansions

gt~ ¥y ()
(335)  Fu(—in) Z( Gay Cul=in Z(—l) o

as a — oo, uniformly forr € [—1 4§, 1 — §]. The quantity t* is defined by

1o)—

it
+1]).
(v -1 )
The polynomials ¢ and v/, are given in (2.11) and (2.16) of [10], with recur-

sion relations. The first factor at the right-hand sides of (3.33) and (3.34)
has the asymptotic estimate 1 + O(1/a) (see (3.32)).
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3.2 Thecaset > 1

We use the the integral for Y (a, x) given in (3.6) with ¢ (w) given in (3.7).
The saddle points are now purely imaginary:

a3 wmir- VAL etV

We have
P(ws) =+ + 17 — fmi + 28,
(3.38)
5:%& ﬂ—l—m(r+dﬂ—1ﬂ‘

The quantity £ is also is used in the asymptotic representation of U (—a, x)
for this case: see [6] and [10].

The path of steepest descent starts at w = 0, runs through w_ and w. on
the positive imaginary axis, and from w to +00. The path from w,. to +-00
tollows from solving the equation

(3.39) S¢(w) = —3m,

that is, from solving

(3.40) 1r?sin20 — 2tr cos® — 6 + 37 =0,

where w = re'”. The solution of (3.40) reads

fcos6 -}-\/1‘2 cos2f +sinfcos (6 — L)
G4l r= _ —, 0=0=<
sinf cos 6 -

.

3 —

The square root is positive, unless when# = 1 and 6 = 7.
We obtain )

U(=a.x)+il(a + 1/2)‘/(—(1,)() = \/;—z—-aflfy(a)lie_z"s"'%”i

e v~
(342) Xf e—(lW(H)g(Q)d9+ie2zlE/ eud)(u)__l )
0 0 ﬂ
where $(v) = ¢(w_) — ¢(iv), g(6) as in (3.16), and Y (6) = p(w) —
dlwy) = Ngw) — ¢p(wy)], w = re'?, now with r defined in (3.41).

Explicitly,
(v) = fv? =2tv +1Inv — Irt 4+ 2tr_ —1Inr_,

(3.43) )
Y (0) = 3r-cos26 + 2trsinf —Inr — L — 12 — 2¢.
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where

(3.44) ro=1t—+vt?—1.

Considering the real and imaginary parts on both sides of (3.42), we see
that for V(—a, x) we need the v—integral with the dominant factor e2“¢ and
part of the 6 —integral. When t ~ 1 (in fact, when a£ is small) both integrals
are of the same asymptotic importance. The dominant saddle point in the
v—integral is r_; in the 8 —integral the dominant point is the upper limit.

When we write

(3.45) i g(0) = g1(6) +iga(8),
where g)(6) and g-(8) are real, we have
(3.46) U(—a,x) = \/ga%y(.a)e”z“s G,
and
] y(a)eZIzE
(3.47) V(—a,x)= \/zai — (e"‘"‘f Gy + G3) .
T T(a+3)
where (for j = 1,2)
L r
(3.48) G;= [Zﬂ eV We;(0)ds. Gi= f " 4V
/ 0 ! ’ 0 Jv

For the derivatives we have

U—a,x)+il(a+ %)V’(——a, X)) = \/Ea%y(a)[e'z"fﬁ”"

(3.49) X /
0

where h(0) = (t + iw)g(0). When we write

T

9=

e~V n(0)do +ie /r+ P (1 — v)-di],
0 Vv

(3.50) eTTR@) = h\(0) + iha(6),
where #,(0) and h>(8) are real, we have
(3.51) U'(—a.x) = \/ga%y(a)e*z“f Hi,
and
(3.52) Vica ) = [Zat L0 [ Hy + Hj)
- -, =7 - 1N 2 3] -
T T(a+3) i

where (for j = 1, 2)

b 1(6) R T dv
(3.53) H; =f e’ h;(0)d6, H;= / N —v)—.
) ! 0 Vo)
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3.2.1 A Wronskian forthe integrals By using the Wronskian relationin(1.9)
and the integrals in (3.48) and (3.53), we obtain (cf. (3.31))

e—4¢IE(GlH2 — H\G,) + (G Hs — HiG3)
Tats) =, (a + %)

ay3(a) a

)

(3.54) = /3

9]

The relation in (3.54) can be used for testing the numerical algorithms.

3.2.2 Uniform asymptotic expansions fort > I We give the relationship of
the integrals with the uniform expansions given in (2.9), (2.14), (2.18) and
(2.29) of [10]. We have

JT

G = ————— F,(1),
2/a(t? — 1)3
5 1
12— 1)1
oo YT DG
2Ja
(3.55)
VrT*(a + %)
e G+ Gy = —F P.(1),

VIl (a + §)? — DA
ot H,+ Hy = ﬁ Q# (1),

where F, (1), G, (1), P,(t), and Q, (1) are supplied with asymptotic expan-
sions that have a double asymptotic property: one of the parameters « or  (or
both) should be large; 1 > 1+ §. Recurrence relations for the coefficients of
the expansions are given in [10].

3.3 The caset ~ |

Fort ~ 1 the contours used in § 3.1 becomes less suitable for numerical quad-
rature. For example, we see in Figure 2 that the saddle point w, approaches
the imaginary unit when r 1 1, and that the path becomes non-smooth when
t = 1. Fornumerical calculations we may consider uniform Airy-type asymp-
totic expansions if + ~ 1, and we will investigate later if this is indeed the
best approach. But we also investigate if a modified contour can be used for
numerical quadrature.

We use for ¢+ ~ | the representation of Y (a, x) in (3.6). We write w =
u +iv, and integrate with respect to v along the line segment from the origin
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to w4, and then along the horizontal path from w. to w, 4 oo with respect to
u. In the first integral we substitute v = 1 (1 — p), and integrate with respect
to p. Observe that for ¢+ > 1 the point w. is on the imaginary axis. and for
this case no difficulties arise when 7 ~ 1, because the path is already split up
into two parts; see § 3.2.

It is not difficult to verify that the representations in (3.20), (3.21), (3.28)
and (3.29) can be obtained, with G;, H; replaced with G Hij(j =12,
where

~ ! (h
Gj :/ e_‘“’br (p) gﬁl)(p)dp
0

g(.l’(u) du.

e} —ay,” ()
+ :
0o (L+2u/(I =12 +u2)s’

(3.56)
1
H; =f emavr ') /z(j“(p)dp
0
oo —ay,” (1) s
+/ ‘ ,h‘,-"(u)du.
0 (14+2uy/(1 =2 +u?)s -
where
YV (p) = 1p*(1 =27 — p —In(l = p).
PP u) = fu+uv1 =12~ —ln(l +2uy/(1 =12 —1—143),
3.57) . i
( v (p) = prtv1 -1,
1//.(2)(14) = arctan ——ﬂ———; — tu,
' 1+ u1—12
“)(P) igv "(p) = e’”'"”” 7 = arcsin .
358) —%ir—uit]/i‘:)( )i arctan e
( g —igw)y=e * Wt R
R (p) = tpg)(p) + V1121 = p)q”’(p).
1
o RV (p) = 1pgt (p) — V1 =121 = p)gi (p).
(3.59) -

B2 @) = (u+ V1= )8 W)
Y w) = —( + V1 =g .
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e

3.4 Thecaset < —1

We can repeat the analysis, starting with (3.2) with x < 0, but do not need
new integral representations, algorithms or uniform asymptotic expansions
for this case. For Ul(a. x) we can use the second relation in (1.11), and for
V (a. x) the first relation.

When the parameter a is large these relations have to be used with care,
because gamma functions with large negative arguments occur. It is better to
use the quantities G ;, H; introduced in § 3.2.1. In the computer code these
quantities will be given as output from the case 7 > 1.

We have

U(—-a.—x)= \/;a%y(a) [e”z"s [cosma G, + sinwa Gy

+e* cos ra Gs},

U(—a.—x)= —\/ga%y(a) {e"l“s [cosma H> + sinmra Hy]

+e*¢ cos ma Hi},

(3.60) b @)

2 4 2 .

V(—a.—x) = \/:_a_yi‘ {e_‘“s [cosma G| — sinma G,]
T F(a + E)

—e? sin7ra G3} ,

3
Vi(—a.—x) = —ﬁl-f;—yfil)—; {e‘“"E [cosma Hy — sinma H»]
a3

2u&

—e S sinma H3}.

4 The W —function

In this section solutions of equation

(4.1 %-I—(f—txz-—a)y:&

are considered, again forreal ¢ and x. For a < 0 the solutions oscillate on the
real x—axis; for @ > 0 there are turning points at +2./a, and the oscillations
occur outside the interval [—24/a, 2./a]. From quantum mechanics we know
that (4.1) is the equation for propagation through a potential barrier.

4.1 The standard solutions

We consider solutions W (a, x) and W (a, —x); these form a numerically sat-
isfactory pair for —co < x < o0; see [5]. The function W (a, x) has the
initial values (see [1], p. 692)
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L TG+ dia) 3
W(a, 0)=2"% | —r
LG+ dia)
4.2)
TG+ dia) :
W'a,0) =271 |—-——
T(f+ dia)

The Wronskian of W(a, x) and W(a, —x) is
4.3) WI[W(a, x), W(a, —x)] = 1.
Power series expansions are
(4.4) Wi(a,x) = W(a,0) w(a, x)+ Wia,0)ws(a, x),

where w; (a, x) and wy(a, x) are the even and odd solutions of (4.1). We have

’7” 2n+1

4.5) wi(a,x)= Zan(a)(,) T wa(a, ‘)—Zﬂ"( )(2 + D

n=0 n=0

where o, (a), B, (a) satisfy the recursion

Oppn = Alpy) — j'lg'(" +DCn+ 1 ay,,
(4.6) Bni2 = aBpy1 — %(" + 1)2n + 3) By,
ap(a) =1, ai(a)=a, pola)=1 pi(a)=a.

The relation with the function U (a, x) reads

1
—Wi(a, x iVk(@)W(a, —
Ao (a,x) +ik(a)W(a, —x)

4.7) = J2eTativlay (ia, xe ™),

which follows from using the initial values of the functions, but also from [1]
[19.17.6 and 19.17.9]. The quantities k(a) and p(a) are given by

(4.8) k(a) =1 +e2ma — 7 :

m‘_’+e”“
and
4.9) pla)=4n +1:(0). ¢a(@ =phT (§+ia);

the branch is defined by ¢, (0) = 0 and by continuity elsewhere.
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Because we assume that a and x, and hence W (a, £x), are real, we have,
using (4.7), that

Wia. 1) = VIR@ed ™ [790 (ja xe )],

4.10) - |
Wia, —x) = /k(ﬂa)e%”“‘\‘s‘ [ei”“‘)U (ia,xe‘”’“)].

These relations are convenient for numerical computations because forx > 0
and v < 0 we can use the same U —function.

4.1.1 The function p(a) ~We give more details on the function p defined in
(4.9). For large values of « it is convenient to use the representation

(4.11) p(a):én—%a+%a1na2+p*(a),

where p*(a) = O(l/a) as a — oo. An asymptotic expansion. Binet’s for-
mula (see [9]. p. 55, for an integrated version)

InC(z+3) =zl +2) -5 -2+ 1In@2n)

o0
(+.12) +/ ,B(t)e'%'e“:’ dt,
0
where
! 1 1 1 !
e 2l =¢~! L) et
B(t)e (e'—l I—I—2>e
(4.13)

> k
S <on
2k +2)!

with ¢, in terms of Bernoulli polynomials:

ok +3
k2

@1 a=Bl=hH -1

This gives the asymptotic expansion

l o0
4.15 *(a) ~ L - Lk
(4.15) P (a) 4aln< ) 2aZa2A’
k=0
as +a — o0, where
416)  dp = (=1) C2 -
! okt Dekray K=0L2
The first few coefficients are
4.1 = —'— = 13 - 37 — 2
17 dy = 75, dy 700 2= g b= — s da = ~ 56w
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4.2 Integral representations fora < 0

For W(—a, £x) weconsider (2.1) for U (—ia, xe™™"/*) (see (4.7)and (4.10)).
that is,

. = s
(4.18) U (—ia, xe ™) Hotistgia 43
( =k N
where C is a vertical line on which %ts > 0.0n C we have —in < phs < %JT,

. ia— . -
and the many-valued function s'*~2 assumes its principal value. The trans-
formations

(4.19) x=2tJa, s=+aw
give
1.2 1 1 .

) —II\-a_—l-(—;zu dw

(4.20) U (—ia, xe T4 ¢ et
=== LTE

where
(4.21) p(w) = 3w* — 2w +ilnw.

The saddle points follow from solving

2 _ ppeil4 .
4.22) '(w) = w te w+ i —0
w

giving saddle points
423)  weimustive=e P12V F1), ve=—us
The relevant saddle point is w;. We have

(4.24) $(wy) = im +i? +28 = ),

where £ is given in (2.12). The path of steepest descent through w. is for
|6] < 37 defined by

~

(425) 1r?sin26 —2trsin(0 — {7) +Inr = J@(wy) =17 +26 —

l\)l——

where w = re'?. In rectangular coordinates w = u + i v this equation reads

(4.26) uv + 21 — v) + $In(’ +v7) =13 +2F —

|.:|._.

We can solve equation (4.25) for sin(6 — }‘JT) (it is a quadratic equation for
this quantity), giving 6 as function of r. This makes it possible to integrate
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(4.20) with respect to r, but this introduces singularities in the integral where
r attains its minimal value, although the path itself is smooth.

Integrating with respect to 6 or v is a better option. We can numerically
determine the path in an algorithm, but this is not a very efficient method.
Instead, we replace the steepest descent path defined in (4.26) by a path u (v)
such that

w(v) is smooth for all v € R;

u(v) passes through the saddle point: u(vy) = uy;

du/dv at v, has the same value as du /dv for the steepest descent contour
atw,;

4. the path runs into the valleys of ¢?*) at +ico.

W -

From (4.26) we can show that du/dv = 0 at the saddle point w... Hence,
a simple path C that fulfills the four conditions is the vertical line u = u .
Introducing ¢ = v — v, using w = w4 +i¢g and (4.24) we obtain for (4.20)
the representation

( 4/4) e}ﬂa—%iua%+%ai .y E 00 "
(4.27) U (—ia, xe™™/¥) = ————— ¢ / e~ Ve (g)dg.
V2T wy oo

The function ¥ (g) is given by

1

(4.28) (q) = — , -
Vig) =¢(wy) —Pp(w), g(g) NESTIn

For small values of ¢ we have

5

1+2u
A
duzy

U+=%(I+m).

We conclude that W (—a, £x) (see (4.7) — (4.11)) are given by

4 [k (—
(4.30) W(—a,x)= %—7—) N {ei" /oo e~V WD (g) dq] ,
T Wy -

¢+ =g + Ogh),

9,3
12uy

VU(g) =

(4.29)

i o0
4.31) W(—a,—x)= *__[ij____? ix / —ay(q)
TRIIE R e §(q)dq |,

where

| ~
(4.32) X =p'(—a)+ 37 2.
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For the derivatives we find, starting with (4.18),

1 . 3 .
ei”"“%"’ai"’%‘” ~

e—-m‘/4Ul —ia, xe—m‘/4 = 2iak
( ) V2rw, ¢
(4.33) x‘/= eV (g) dg.
—oC

where
(4.34) hig) = (\/ 2+1- e"”“q) g(q).
It follows from (4.10) that W'(—a, £x) are given by

flﬁ:QdeXf

4.35) W'(-— =
@39 Wi=a. 0 = =72

e—m,l/w)h(q) dq:| .

3 o
(4.36) W'(—a, —x) = S S 3 [i e'X / e"”/""’h(q)dq] .
V7 [wylk(—a) —00

For large values of a and/or t the oscillatory behaviour of W(—a, #x) and
W'(—a, £x) is mainly described by the exponential factor e*“¢ contained in
e'%. The other elements of these formulas are slowly varying.

Asymptotic expansions follow from [10]. Formula (2.29) of that paper
gives, with u = +/2a e™"1/4,

(4.37) W(—a,x) ~ _[_____,k(—a)[ N | eix Z ﬂ_@(_ﬂ. ’
ai(t>+1)3 ~  (Qay

where ¢, are polynomials given in (2.11) and 7 in (2.32) of [10].
Formula (2.33) of [10] gives

4.38) W' (—a,x)~ \/k(—-a)a%(t2 + 1)% N I:l' e Z %jl ,
s=0

where ¥, are polynomials given in (2.16) of [10].
For W (—a, —x) and its derivative we have

k(—a) o (S (@)
4.39 W(—a, —x) ~ ———— 3 | &'* E _ ,
( ) (—a, —x) a~l1(12-|- 1)% —~ (2a)
and
Lo e GO (@)
/ ~ _ 2 2 ~ X —-— e
(4.40) W'(=a, —x) Vk(=a)ai(t=+ 1) 3 |:z e ngo 2a) :I .

The asymptotic expansions in (4.37)—(4.40) hold when a — o0, uni-
formly with respect to t > —1o, but also for  — 00, uniformly with respect
to a > ay, where ag and 1y are fixed positive numbers.
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4.3 Integral representations for a > 0

Because of the turning points we consider three cases. We write x = 2¢./a.

We use the U —function in (4.7), and write (2.1) in the form

1 : T X SR L B
(441) U (ia,xe_”’“) = — e~ 5455 s lu__,
i2m Je Vs
with conditions as in (4.18). The transformation s = /aw gives

1.2 1_ 1 -
e-al.\"a:‘—'jﬂl

i dw
(442) U ia,xe"”/“‘ _—_— e(l¢(w)__’
( ) ivV2r  Je Jw
where
(4.43) d(w) = %w2 —2te ™ — i nw.

4.3.1 The caset > 1  The saddle points are now

(4.44) u)i:-ui—i-ivi:e—”i/“ ([:t\/l‘z—‘ l). Uy = —Uy4.

The relevant saddle point is w., and for numerical integration a convenient
choice of C is the vertical line through w,..
Using

(4.45) —1ixX* +ap(wy) = 2iaé + ia — ima,

where £ is given in (3.38), and writing in (4.42) w = w, + ig, we obtain the
analogue of (4.27)

1 1 11
) . €~1na+§1¢la1—§zll . o0 N
(446) U (ia, xe ™% = e2ias e~V

o0

g(q)dq,

where

1
4.4 = — L —
(4.47) Vig) =¢(wy) —d(w), g(q) ST

It follows that

VK@ at
4.4 Wia, = —MN s X
(4.48) (a, x) N 1[G(a, x)]
and
(4.49) W(a, —x) = M J[G(a, x)].
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where
0

(4.50) G(a,x) = eilp*(a)+§n+2im3]/ eha‘//(‘“g(q)dq

—00

For the derivative we find, as in (4.33),

e—},mz-l—%iua % —%ai

' (s —wijdy _ diak
U'(ia, xe )= N e
oC
(4.51) x / V() dg,
—00
where
(4.52) h@) = (e =T+iq) g(g).

It follows that

\/k(a)a%

(4.53) Wia, x) = —————N[G(a, x)]
Vrwy|
and
(4.54) Wia, —x) = —— 3 [G(a, x)].
VTk(a) [wy|
where
ik 1 2 e
(4.55) H(a,x) = ezlP (@) +37+2iak) / e—m//(q)h(q) dq

Asymptotic expansions follow from (2.9) of [10]. By changing u —
e ™/% in that formula we obtain

456) W x) ~ LDy | it iz §0 IO |
ai(t> —1)3 — (Qa)

where ¢,(7) are the same polynomials as in (4.37), and

4.57) 1( ! l)
. T == - .
2\Vrr -1

Formula (2.18) of [10] gives
W (a, x) ~ —/k(@) ai@? — 1)

! (1)
(4.58) xR l:eilp*(a)—znﬁu.ﬂ Z s s' :I
5 (2a)

where (1) are the same as in (4.38).

The asymptotic expansions in (4.56) and (4.58) hold when ¢ — oo, uni-
formly with respectto r > 1+ 1o, but also for 7 — oo, uniformly with respect
to a > ay, where ag and 1, are positive numbers.



130 A. Gil et al.

4.3.2 The case —1 <t <1 Weuse (4.41), (4.42) and (4.43) with saddle
points

(4.59) wy = e~ (r +iJ/1 = r2) — TS osp,
which are located on the unit circle. We have

(4.60) $(wa) = £20 = 3w + i3 +17),

where = 1(§ —sin @ cos 6) is also used in §3.1 and defined in (3.9). We see
that the ima:ginary parts of ¢ (wy) are equal. As a consequence, the steepest
descent path may go (and in fact in the present case does go) through both
saddle points.

In Figure 3 we have shown the paths for three values of 7. The contours run
from —i oo to w_, then along the arc to w4 (in the direction of the arrows), and

=099 | t=0.50

-1 L -1
W
-1F W
/ -
W
wo
-1

Fig. 3. Steepest descent contours for the integral in (4.61) for several t—values. The con-
tours run from —ioo to w_, then along the arc to w, (in the direction of the arrow),
and from wy to +ioo. Through each saddle point the local contours of steepest ascent
and steepest ascent are shown. The complete contours include steepest descent parts and
steepest ascent parts
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from w. to +ioco. Through each saddle point the local contours of steepest
ascent and steepest ascent are shown. The complete contours include steepest
descent parts and steepest ascent parts.

From (4.60) we see that wy is dominant for 0 < r < 1 (5 is positive
for these values of 7). Another point of interest is that the oscillatory factor
e~ 1’ = p=ia® ip (4.42) is nullified when we put ¢ (w-) or ¢ (w4 ) in front
of the integral, because J¢p(wy) = % + 2. This explains that the function
W (a, x) does not oscillate if r € [—1, 1].

When we write w = u + iv and integrate in (4.42) with respect to v we
obtain

U (ia, xe ™% =

( ) o

(4.61) x[ f eIV £ () dv 4 e / b fz(v)dv],
V- -

where

(4.62) Y1(v) = ¢(wy) —d(w), Y2 (v) = Pp(w_) — ¢(w),

and

(4.63 () = — 1—'ﬂ> f()———l—-(l—iduz)
.63) flv)—ﬁ( i) 2v_ﬂ R

We may assume different relations between u and v in both integrals; this
explains u; and u», which are functions of v.
It follows from (4.10) that

/ L oap
Wa, x) = vk@aze™ R [e"“’*“’”%” K (a, x)] ,

NZ3
(4.64)
1 »
aie-n ok 1
W(a, —x) = ——— [e'[p (a)+gml K(a,x)],
(@ —x) = s

where K (a, x) denotes the sum of the integrals between the square brackets
in (4.61).
For the derivatives we find, starting with (4.42),

1.2 3 _ 1 -
e-zl.l az—itll dw

_______\/_2_____* eaqb(w) (te~7ri/4 _ w) et
T C

4.65) U’ (ia, xe™™/*) = N
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and using (4.10),

39
/k 7 ,2an _—
W’(‘a, x) = ——(a_)J%i— R [ez[p (a)-im) Kd(a,x)] ,
(4.66)
aie ilp* =) g
Wi(a, —x) = — T[e- ~8 a,x],
(a, —x) o) 3 ala, x)

where K, (a, x) denotes the sum of the integrals between the square brackets
in (4.61) with f;(v) replaced with g; (v) = (te=3" — w) f; (v).

The asymptotic expansions follows from (2.29) and (2.33) of [10]. We
change t — —it and  — uei””' in these formulae and obtain

[P N PSR PP Io%e)
—sia— ia—gmi—gzma+2a *
a 24T IeztdTRTITy n L Ps(TT)

«/5(1 _ IZ)% —~ ! 2a)’

U (ia, xe'”i/4) ~

k]

(467) a—%iaﬂ—%e%[a-i—%ﬂi—%rm—f-lan(l _ 12)%

V2

U (T)
X gl __(261)3' 5

U’(ia,xe"”‘/“) ~

where n is defined in (3.9) and ¢, (t*) are the same as in (3.35).
It follows from (4.10) that

Wia,x) ~ —.—k—(i)-—.ez‘”’ M| e 3 i‘¢s(fv) ‘
ai(l —1?)3 — (2a)

(4.68) W'(a, x) ~ —-\/k_(a_)a‘l‘(l - tz)}ezm

0o L
<N [d[p*(u)-}—%n[ Z 1\1/’3'(7:*)} ‘
s
o (2a)

The asymptotic expansions in (4.68) hold when @ — oo, uniformly with
respecttot € [—1 4+ 8, 1 — 8], where § is a fixed positive number.

4.3.3 Unstable representations For large values of an the representations
for W(a, —x) and W’(a, —x) in (4.64) and (4.66) are unstable. To see this,
observe that (4.68) can be used fort € [—1+46, 1 — §]. The dominant behav-
iour comes from +/k(a)e>“". Since (see (4.8)) k(a) ~ %e"”‘, the dominant
behaviour comes from e“X, where x = arcsint — t+/1 — ¢2, an odd func-
tion that is positive on (0, 1]. This dominant behaviour does not appear in
the representations for W(a, —x) and W'(a, —x) in (4.64) and (4.66). There

we see the dominant parts >/ Jk(@a); in n we use positive t when x is
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positive. It follows that the imaginary parts in the right-hand sides of (4.64)
and (4.66) have to be very small when an is large. In fact, the first integral in
(4.61) should be of order e~*" in that case, which is not apparent from this
representation.

A possible solution to this problem is using the representations for W (a, x)
and W'(a, x) in (4.64) and (4.66) for r € [—1, 0]. However, when | —1 the
phase of w becomes 37 /4 and that of w_ becomes —5r /4, which is outside
the standard interval (—or, r] of the phase of w in (4.42); that is, w is outside
the standard Riemann sheet. In Figure 3 the path for the case r = —0.99 is
shown. The technical details will be worked out when writing the numerical
algorithms.

5 Concluding remarks

In a future paper we will discuss the numerical aspects and describe computer
algorithms based on the integral representations given in this paper. Several
quantities have to be calculated with great care. For example, straightforward
use of ¥ (0) defined in (2.10) when # is small, that is, at the saddle point,
will give cancellation of leading digits. Also, to represent the functions for a
large range of the parameters scaling is needed.

When implementing the representations we will decide if the steepest
descent paths will be used or approximations of these paths, as we suggested
for the W —function in § 4.2. For example, integrating in (2.3) along the verti-
cal line through the saddle point w gives a simpler representation than (2.9).
However, the integral along the vertical line has a non-real phase function.
Another approximation of a steepest descent contour is given in (3.13). We
will investigate efficiency aspects in combination with programming aspects
in deciding which representation in these examples should be used.

This also holds for the quite complicated steepest descent paths in § 4.3.2.
We have not indicated in (4.61) the relation between v and u on the differ-
ent parts of the path. This will be done during the implementation of the
algorithms.
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